The phase matrix and several quantities for single scattering by an arbitrarily oriented circular cylinder are formulated by using the approximation of ray optics, which includes geometrical reflection and refraction plus Fraunhofer diffraction; then the effects of polarization are considered. Computations were made using electromagnetic wave theory and ray optics approximations for m = 1.31-O.Oi and 1.31-0.li. Results by these methods approach one another as the ratio of the cylinder's circumference to the incident wavelength increases. One of two ray optics approximations proposed requires less computation time than wave theory.
Introduction
The average length of ice crystals in cirriform clouds is several hundred micrometers", 2 and considerably larger than the wavelength of radiation in the visible and near-IR regions, so that the ray optics approximation seems to be suitable. In order to obtain information on the light scattering properties of columnar ice crystals of hexagonal cylindrical shape, we shall consider in this study the light scattering by infinitely long homogeneous isotropic cylinders. The solution of scattering of electromagnetic plane waves by an infinitely circular cylinder was derived by Rayleigh 3 including effects of polarization for light scattering by an arbitrarily oriented cylinder has not yet been performed. We shall develop the formulas of light scattering by a cylinder on the basis of the ray optics approximation 5 and compare computation results by this approximation with those by the exact solution of wave theory. The purpose of this comparison is to verify applicability of the ray optics approximation and to find the range of validity.
II. Scattering Geometry
Scattering geometry is shown in Fig. 1 . In this study, we follow the geometry and notation by Liou. 7 The Z axis of the cylindrical coordinate system (r,4,Z) is placed along the cylinder axis so that the cylinder occupies the region r < a, where a is the radius. The X axis is in the plane containing the direction of the incident light and the Z axis. The complement of the angle between the incident direction and the Z axis is denoted as an oblique incident angle a. The angle between the normal of the cylinder at the incident point, i.e., the radial direction of the cylinder and the negative X axis, is specified as 3. Usually, we have only to consider rays with 0 j3 < 7r/2. Scattered radiation emerges along the surface of the cone with an apical angle r -2a, s6 that it can be expressed by 0 denoted as an observation angle. We consider two polarization states of light, where electric vector E vibrates parallel to the plane containing the direction of propagation of light and the Z axis [case ()] and the electric vector vibrates perpendicular to this plane [case (r)]. 
Ray Optics
We denote an amplitude matrix by T and a phase matrix by G, which transform the amplitude of electromagnetic fields and the Stokes parameters (II, Ir, U, V), respectively, of the incident light to those of the scattered light in a reference plane containing the direction of propagation of light and the Z axis. Amplitude matrix T thus defined is given by 
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where Ei and E are, respectively, the incident and scattered amplitudes of the electric vector, k is the wave number in vacuum, is the circular frequency, R is the distance from the apex of the cone, t is time, and i = (_1)1/2. We alternatively define a matrix A as a multiple of T:
Aj (x,ma,~) = (x ) Tj(x,m,a, ), j = 1, 2, 3, 4, (2) where x (= 2ra/X) denotes that the ratio of the circumference of the cylinder to the wavelength of incident light, m (= mr -imi) is the complex index of refraction of the scattering medium. The matrix A is the amplitude matrix normalized by the square root of a multiple of the geometric shadow area 2a coscx per unit length of the cylinder, and its elements are expressed in the form
where 6 j denotes the Kronecker delta, i.e., 6 k1 = for k = I and zero otherwise. AD is the contribution from Fraunhofer diffraction that can be expressed from the scalar Kirchhoff approximation as AD(X,Of,) = (2x COS)1/ 2 sin(x cosa sink) (4) x cosa sinq
The derivation of this formula is described in Appendix A. Since the factor x coscx is included as a single parameter in Eq. (4), it is expected that the cylinder apparently shrinks as cx becomes large. A(P) is the contribution from geometrical optics, which includes external reflection (p = 0), refraction (p = 1), and internal reflection of each order (p > 2): hereafter we call them the transmitted light of the pth order. The summation for t from 1 to Mp represents the contribution from rays with different incident points flt and the same p.
Clearly Mp is unity for p = 0 and for p = 1, but for p 2 2, Mp can be more than 2 since 1k(ao) is a multivalued function of:3 (Ref. 5, p. 229, and Ref. 13) . The value N should theoretically be infinity, but in practice a small integer can be adopted with sufficient accuracy; N = 4 9 are sufficient to account for more than 99.9% of the scattered energy even for nonabsorbing cylinders except for cases with very large values of cx. Amplitude matrix elements A (P) are given by j = 1,2,3,4, (5) where e(P) = JL~1 RL 5 1 ,
[L-6 1 T (L6 2 CR)P-1 L6 2 TLl6 1 , for p > 1. Matrix La denotes the rotation of the coordinate system: I cosb sin7 -sinb cos (7 R is the reflection matrix, and T is the transmission matrix:
(1-r2 )/2 where r and r 1 are the Fresnel reflection coefficients parallel and perpendicular, respectively, to the incident plane, i.e., the plane containing the directions of propagation of incident and reflected rays. The Fresnel reflection coefficients are given by
COSTi -m cosTr1
COST + m CosTr
In the above equations, ri denotes the incident angle with reference to the normal, cosTi = cosa cosl, (10) and r denotes the refracted angle given by Snell's law:
To determine the refracted direction, -Tr is approximated with the angle obtained by replacement of m with mr in Eq. (11) . In Eq. (6), matrix C is given by
This matrix expresses a phase shift of 7r due to internal reflection. The relations AzP) = -A? and therefore A 4 =-A 3 are valid from the property of (P). Since the incident angle of any ray refracted once into the cylinder is always rr, the rotation angles of the coordinate system (1 and 2 are obtained from the spherical geometry shown in Figs. 2(a) and (b):
where A and t are auxiliary angles:
tans = cosA tanTr-
From Fig. 2 , it can also be understood that the scattered light is confined to the surface of a solid cone that forms an angle cx with the X-Y plane. The factor (7r cosO/ I C-01'//3I )1/2 in Eq. (5) is derived from the conservation of the flux of radiant energy. Deviation angle 1' appearing in this factor is given by
This angle may express how many times and in what direction the ray rotates within the cylinder. The derivative o1'// can be obtained straightforwardly from Eq. (17) . The relation between deviation angle 1' and actual observation angle 0 is
where k is an integer, and q is +1 or -1. Namely, 0 is the projection of 1' on the branch [0,7r] with a proper choice of k and q. The factor -y in Eq. (5) is a complex phase of a light ray except for that of the Fresnel coefficient already included in e): (12) where we consider a direction for which scattering angle 0 is neither zero nor 7r. 
In Eq. (24), five independent parameters occur for a polydispersion, and the relation
is easily found. After ' intersects n7r odd times (n = an integer), the ray with -7r/2 /3 < 0 contributes to the amplitude, so that the signs of 1 and 2 change. Therefore, whenever 0'(x,/) takes the value of n7r, A and A 1 ) should be multiplied further by -1. In such a case, at 0 = 0 and 0 = r, there are two contributions to the amplitude coming from each side of a cylinder whose magnitudes are the same but with opposite signs, so that G12 should always be zero at these directions.
On the other hand, G, and G22 can have finite and small peaks at = 0 or = 7r because there are two contributions to the amplitude from each side of a cylinder of the same magnitude and sign. A typical example is the case for c = 450 shown later.
For the incidence of unpolarized natural light with Stokes parameters (1/2,1/2,0,0), the phase function and the degree of linear polarization are given, respectively, by
If the phase matrix of randomly oriented cylinders is needed, the scattering plane should be taken as the reference plane. However, phase function G and element G44 are independent of the choice of the reference plane.
The scattering efficiency factor is defined by the total scattered energy integrated over all angles divided by the product of the incident intensity and the geometric shadow area per unit length. In the case of ray optics, with the definition of A in Eq. (2), this is given by
(28) 7 And, accordingly, the scattering cross section per unit length of a cylinder is given as
The absorption efficiency factor Qabs is the difference between the total energy impinging on the cylinder, which is assumed to be unity, and the externally reflected energy E(°) plus the transmitted energy E(P) (p 2 1); i.e.,
where
The extinction efficiency factor can be obtained as
When many cylinders with an oblique incident angle cx are randomly located, the intensities from the individual cylinders may be added. Therefore, phase matrix elements Gk1 for a polydispersion of cylinders are given by the following integration: (33) where n (x)dx is the number of particles per unit volume with size parameter between x and x + dx. It is noted that if T is used as the amplitude matrix instead of A, the size distribution n(x) must be substituted instead of xn(x) in Eq. (33).
The method described so far to obtain phase matrix G, adding the complex amplitudes and taking the squared modulus of the combined amplitude, which will be called ray optics A, is exact in the framework of ray optics, but this method still requires a fairly long computation time. On the other hand, if a phase matrix for a polydisperse system is needed, it will be a good approximation to superpose the intensities of the diffracted light and the transmitted light of each order. This alternative method of ray optics will be called ray optics B. For the latter case, the phase matrix elements are expressed as
where G0k and GW) are phase matrix elements generated, respectively, from ( + 62j)AD and A5P) by Eq. (23). The elements Gki can be obtained by bkl AD 12 In ray optics B, the element G 12 is taken to be zero at 0 = 0 and = r, similarly to ray optics A. If there is a contribution to the intensity at = 0 or 7r from a ray whose is not zero, the elements Gi), Gt), Gt), and G4) -G ) of the corresponding t should be multiplied by 4.0, since there are two contributions from each side of a cylinder of the same amplitude. The phase factor -y for A(P) in Eq. (5) is, in this case, given by ipl2-rmi/X. Efficiency factors are given in the form
The absorption efficiency factor is obviously given by Eq. (30).
To consider the ground for ray optics B, let us rewrite Eq. (3) as 
If this quantity is integrated over a wide range of size parameters, the double summation of Eq. (37) will be nearly zero, since a(t) -o(u) varies over a wide range. This means that the phase matrix element is composed of superposition of the intensities of the diffracted light and the transmitted light of each order. Moreover, one can easily see that if the scattering body is isotropic and nonabsorbing and no total internal reflection occurs, the element D 21 becomes nearly zero for a polydisperse system, since bis) -6s) in Eq. (37) is t r or zero from the fact that b(s) = [the phase of e(S)] or zero.
IV. Wave Theory
The amplitude matrix elements for wave theory are expressed in such infinite series of the trigonometric functions as
In the above equations, the coefficients ani, an2, bnl, and bn2 are determined by the boundary condition of continuity of the tangential components of the electromagnetic field at the interface. These coefficients are functions of the Bessel functions of the first kind, the Hankel functions of the second kind, and their first derivatives, whose arguments involve x, m, and cx. The detailed expressions for these are found, e.g., in Ref. 7 . It is noted here that the relations b 2 --an, and therefore T 4 = -T3 are always valid and that T 3 = T4 -0 at 0 = 0 and 0 = r.
The phase matrix is generated from T by means of Eq. (23). The efficiency factors for extinction and scattering are given, respectively, by 
V. Numerical Results and Discussion
In geometrical optics, to obtain A(P) as a function of 0 it is necessary to solve a 2pth-order algebraic equation for the pth-order transmitted light, which is the reverse solution of Eq. (17), i.e., : = (cx,1). Computations using geometrical optics were carried out for 181 equally spaced incident directions with angular increments of / of 0.50. The real amplitude and the phase of A (P) for ray optics A and GPf) for ray optics B were linearly interpolated at 199 observation angles, 0(0.1)2(1)1800. But except for Fig. 3 , figures are drawn at intervals of 20 in for the sake of comparison with exact wave theory. The computational instability due to the rainbow was removed by the method described in Appendix B. In both cases of ray optics and wave theory, the normalized phase function G/Qsca is drawn in the figures, and, correspondingly, Gag's generated from amplitude matrix A are replaced by Gkl ,SCa, where 
As the complex refractive index of ice, the value of 1.31-0.Oi at a wavelength of 0.7 m was adopted. Figure 3 illustrates the phase functions for a cylinder with 10-Aum radius at normal incidence ( = 0). The uppermost curve is that computed from ray optics B by adding the intensities. The steep feature at the very forward direction results from the diffraction. The broad forward lobe results from the transmitted light of the first order, and the primary and secondary rainbows appear concurrently at the observation angle of 1350 for m = 1.31-0.Oi. The middle curve is that computed from ray optics A by adding the complex amplitudes so that the effect of interference is seen overlapping the feature of the uppermost curve. The lowermost curve is that computed from the exact wave theory. Although the frequency of fluctuation due to interference is higher in this case, the overall tendency coincides well with that of the middle curve.
For a large size parameter, since the angular scattering pattern varies rapidly, a comparison should be made with a sufficiently high resolution. However, as the ice crystals in real clouds are not monodispersive but polydispersive, it is reasonable to integrate the contributions over such a size range that the fluctuations due to interference are averaged out. Thus we can accomplish meaningful comparisons with the resolution mentioned above. For the particle size distribution we employed the modified gamma function given by
where b is a constant determined by the average size. Sufficiently wide range was adopted, and the range of integration was divided into sufficiently small intervals in Eq. (33). 5). It is expected that ray optics B is coincident with ray optics A in the limit of infinitely large x. Indeed, we can see in the vicinity of the primary rainbow in Fig. 5 that   90 ray optics A and wave theory, which are close to each other, approach ray optics B with an increase of x Figure 6 shows comparisons of phase functions by ray optics and wave theory for c = 85°. Since calculations by ray optics A were performed at an early stage of this study, only rays up to p = 9 were included, but rays up to p = 12 were included by ray optics B. Therefore additional rainbows due to components with p = 10 and 12 appear at 1k--1800 and 0 -1700, respectively, in ray optics B. For small oblique incident angles ax, the phase functions have anisotropic forwardly intense features due to contributions from the diffracted light and the transmitted light of the first order, while for large values of ax, especially ax > 600, they have relatively isotropic features due to the contribution from the externally reflected light.
In Fig. 7 , we compare the cross-polarization element G12 (= G21) computed from wave theory with those computed from ray optics at the oblique incident angles ax = 450 and 850. The curves for ax = 850 are displaced upward by factors of 102. For ax = 0°, this element is always zero, because the incident plane is always in the circular cross section of the cylinder. The energy contained within the element G12 increases monotonically as the oblique incident angle ax increases. As mentioned before, the intensities of the cross-polarization element are zero at 0 = 00 and 1800. For ax = 850, we can see a 0 subpeak at 1k 40 for both wave theory and ray optics B, which is attributable to the rainbow due to the p = 11 component. For cx = 450, in spite of the discontin- 
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Thus, at the observation angle 10 -900, the cross-polarization element G12 has a maximum value, and the polarization elements G11 and G22 have minimum val-/ a=850
bues. Moreover, at the observation angle 0 = 1800, G12
11
vanishes, and G11 and G22 have maximum values. Similar considerations can be made for the transmitted rays of higher order. In Fig. 9 are compared the degree of linear polariza-
tion for single scattering of incident unpolarized light at normal incidence, a = 0°, by ray optics and wave V .S \ theory. Although the approximation of ray optics seems to be adequate for small radii such as 10,um for the scattered intensity (Fig. 4) , a much larger average radius of at least 30,gm is necessary to account for the degree of linear polarization with good accuracy. Therefore, even if the vibrational plane of the electric vector of the light ray hardly varies before and after scattering, a large apparent depolarization is observed I -2 around 900. Using the matrix (P) represented 10 before, this apparent large depolarization and symmetrical feature can be explained more concretely as follows. For a large value of a, 31 Hi / from Eqs. (10) and (13), and r I and r vary slowly with I, and their The differences at the forward direction among ray optics and wave theory are attributed to the apparent smallness of the cylinders in view of ray optics. From Figs. 9 and 10, it can be thought that the approximation of ray optics for the degree of linear polarization becomes better as the oblique incident angle a increases. At the direction 1800, the degree of linear polarization becomes strongly negative as a increases, but this negative polarization becomes weaker for a > 600. This feature is explained as follows. The externally reflected rays at 1800 are those for /3 0°, ri ea, and 1 _ 00, so that ) rl and ) r . The ratio of I r1l 2 to r 1 12 is minimum, when the incident angle a coincides with the Brewster angle, i.e., 52.70 in the case of m = 1.31-0.Oi. Figure 11 shows the G44 element at normal incidence, a = 0°, for ray optics and wave theory. It is clear that the element G 4 4 coincides with the element G33, because M3 = 0 in Eq. (24) at a = 0°. The element G 4 4 can be approximated by IA 1 A 2 1 at the forward direction, since the amplitudes Al and A 2 , to which the diffracted light and the transmitted light of the first order contribute, are nearly in phase. Therefore, this element is nearly the same as the phase function G = (IA 1 For 0 > 800, the amplitudes of externally reflected rays AP and A°) become out of phase, because the incident angle is beyond the Brewster angle, so that G44 becomes negative at the direction where the externally reflected light dominates. In the vicinity of the rainbow angle 0 = 1350, the amplitudes of the transmitted light of the second order A?) and AV) are in phase, and their values are large, so that G44 becomes intensely positive. Figure 12 shows the element G43 (= -G 3 4 ) at normal incidence for ray optics and wave theory. The relative disagreement among them is most conspicuous compared with other phase matrix elements. However, since this element approaches zero over the whole range of observation angles as the average radius increases, the rather remarkable disagreement is not so serious for practical purposes. This tendency becomes more prominent at a = 45 and 850. In this connection, we can add a further comment: in the limit of ray optics (ray optics B), the element G43 vanishes regardless of a for a polydisperse system of isotropic dielectric cylinders, while for absorbing cylinders, the element G43 by ray optics B does not vanish, and ray optics B is closer to wave theory than ray optics A (m = 1.31-0.li a = 10um). Figure 13 compares the efficiency factors for extinction at normal incidence, a = 0, for ray optics and wave theory. There are slowly damping sinusoidal oscillations similar to those for spherical particles. In view of ray optics, an interference of the diffracted light and the transmitted light of the first order is responsible for this Figure 14 illustrates the extinction efficiency factors at a = 850 for ray optics and wave theory. The variations of Qext are not sinusoidal in this case but quasiperiodic. The difference between wave theory and ray optics A is larger compared with the case of a = 0, but the positions of the ridges and troughs coincide fairly well with each other. These quasi-periodic variations may be explained in view of ray optics as follows. Because of the large oblique incident angle, the reflectivity is high for internal reflections, so that multiple internal reflection should be considered. Therefore not only the diffracted light and the transmitted light of the first order but also the transmitted light of the higher order interfere with each other, and this interference will generate the quasi-periodic oscillations.
If we include the phase factor [-2k + (1 -q)/2J1r/2 in Eq. (19) , there will be a discrepancy on the phase of the oscillation of Qext between ray optics A and wave theory shown in Figs. 13 and 14 . It is noted from Figs. 13 and 14 that the efficiency factor for extinction obtained from wave theory is larger than that obtained from ray optics A. This difference between wave theory and ray optics A seems to show effects of grazing reflection. But for smaller size parameters, the inapplicability of ray optics is also responsible for the difference in its own right. However, ray optics A will give the extinction efficiency factor more realistically than the anomalous diffraction approximation 5 1 8 especially in the case of a = 850. Because ray optics A takes into account as many factors as possible, except for the effects of grazing reflection, on the other hand, the anomalous diffraction approximation takes into account only the diffracted light and the transmitted light of the first order for refractive index m close to unity. The behavior of Qext by wave theory in Figs. 13 and 14 Fig. 7 ).
In Table I , the extinction efficiency factors averaged over the size distribution [Eq. (44)] evaluated by ray optics A are compared with those by wave theory. The average extinction efficiency factors are asymptotic to 2.0 from top to bottom in each column.
To examine the effects of absorption, the imaginary part of the complex refractive index was increased by keeping the real part unchanged. Figure 15 The scattered light intensity consists mainly of the diffracted light and the externally reflected light at any oblique incident angles due to the strong absorption. Therefore, the relative differences among these three methods at the forward direction become more striking, but the absolute differences are nearly the same as those for the nonabsorbing case. On the other hand, there is better agreement among ray optics and wave theory at the observation angle 0 > 90° for the case of a = 0 and 450. Figure 16 shows the efficiency factors for extinction, scattering, and absorption, and the single scattering albedo X for the absorbing cylinder with m = 1.3 1-0.li ( = 0.7 Mm). The efficiency factors for scattering Qsca oscillate for small x, say, x < 30. As x becomes larger, 15 the transmitted light of the first order is almost exhausted, so that the oscillation due to interference disappears. The absorption efficiency factor Qabs computed from ray optics A or B increases monotonically with x and approaches a limiting value, because almost all the light refracted into a large cylinder is absorbed. The radius at which Qabs becomes constant nearly coincides with that at which the oscillation of Qsca disappears. For large sizes, Qext computed from wave theory and ray optics A approaches 2.0 with slightly decreasing and increasing tendencies, respectively. Although there are some differences in Qext and Qsca among wave theory and ray optics, the ratio of Qsca to Qext or the single scattering albedo w is in good agreement. Table II gives numerical values of the efficiency factors for extinction, scattering, and absorption, and the single scattering albedo averaged over the size distribution for the absorbing cylinder with m = 1.31-0.li (X = 0.7 Mm), computed by ray optics A and wave theory. The efficiency factors Qext in this case have almost the same values as those of the nonabsorbing cylinders. Ray optics A becomes worse with an increase of a for any efficiency factors. On the other hand, it is fairly good for average single scattering albedo a, which is defined by Qsca/Qext. The two polarization components of the efficiency factor for extinction Qext,i and Qext,r at a = 0 computed from ray optics A are 1.9826 and 1.9843, and for scattering they are 1.0490 and 1.0077, respectively. On the other hand, those components of the efficiency factor for extinction computed from wave theory are 2.0457 and 2.0456, and for scattering they are 1.0871 and 1.0363, respectively. In the limit of the large size parameter, both polarization components of the extinction efficiency factor should approach 2.0, and each polarization component of the scattering efficiency factor approaches 1 + 2 [ET) + E)] = 1.0620 and 1 + 2 [ET) + E)] = 1.0219, respectively, from Eq. (35). Figure 17 illustrates the fractions of energy contained in the transmitted light E(P) (x,m,a) of the different order p as a function of the oblique incident angle a for the case of m = 1.31-0.Oi ( = 0.7 m). The main feature of E(P) can be explained schematically as follows. Let us consider a ray of light incident on a cylinder toward the central axis of the cylinder and denote Fresnel reflection energy I r 12 or r 12 as r for the sake of simplicity. Then the energy of externally reflected light and the energy of transmitted light of the first order are expressed as r and (1 -r) 2 , respectively. 
where the common ratio is r(<1). When a is relatively small where r is also small, the increase of reflection term rP-1 in Eq. (46) with a small increase of r overcomes the decrease of transmission term (1 -r) 2 , so that the energies contained in the transmitted light of the higher order increase. On the other hand, when a becomes large where r increases rapidly, the decrease of transmission term overcomes the increase of reflection term, so that E(P) (p 2) decreases, and the convergence of the series becomes slow and a large number of terms is required. For a ray of light incident on any position of a cylinder, the situation is the same as the above.
Variations of E(P), EP), and E) for p 2 with a are not so simple as E(P) but rather winding. E) and E? increases where E decreases and vice versa. This means that by a rotation of the incident plane, the radiant energy is distributed among the different polarization components, but E(P), which is the average of these components, varies fairly simply as shown in Fig.  17 .
VI. Conclusions
After the above comparison of ray optics and the exact electromagnetic wave theory for several quantities for single scattering by circular cylinders, it has become evident that the applicability of the approximation of ray optics is dependent on the orientation of cylinders relative to the incident light as well as their size parameters. The applicability of ray optics also depends on what quantity for single scattering (e.g., the phase function, the degree of linear polarization, the extinction efficiency factor, or the single scattering albedo) is compared. Although in this study we investigated applicability of ray optics for the size parameters up to 270, much larger size parameters of the order of several hundreds seem to be needed for valid application of the ray optics approximation to all the single scattering quantities. The variations of phase matrix elements and scattering cross sections with the size parameter computed by ray optics A agreed with those by wave theory, but the method of ray optics A still requires a fairly long computation time. On the other hand, the approximation of ray optics B gives fairly accurate phase matrix elements for a polydisperse system, and a much less computer time is needed. For example, for m = 1.31-0.Oi (X = 0.7 ,um) and a = 30 ,gm the computation time by ray optics B is only 0.4 4% of the corresponding time by wave theory, whereas ray optics A requires about 20-160% of wave theory. From an optical point of view, it may be useful to study further the solution of ray optics A, but from a point of practical use, e.g., in meteorology, ray optics B will provide a convenient means to investigate the phase matrix of other nonsperical particles like hexagonal cylinders.
